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Abstract: Within the framework of approximate, self-consistent molecular orbital theory, the restricted Hartree-
Fock description of a closed-shell molecule can be taken smoothly into the unrestricted Hartree-Fock description 
of a radical by placing a nuclear spin perturbation (Fermi contact) of increasing magnitude on a proton. The 
reasons for this behavior are discussed. The results of semiempirical calculations are used to analyze possible 
relationships between esr hyperfine splitting constants and nmr nuclear spin coupling constants in H2 and a few 
simple hydrocarbons. Comparisons are made with experimental results. 

There has been considerable recent interest and ac
tivity in the application of approximate self-con

sistent molecular orbital theory to physical properties 
of molecules which depend upon electron spin.2-6 In 
particular, the intermediate neglect of differential 
overlap (INDO) method within the unrestricted Har
tree-Fock formalism has been fairly successful in cor
relating calculated spin densities in radicals with ob
served hyperfine splitting constants assuming a Fermi-
contact mechanism.2 In addition, the INDO method 
has also been useful in interpreting some nuclear spin 
coupling constants observed in the nmr spectra of 
closed-shell molecules, again assuming a Fermi-con
tact mechanism.3'4 

Although the hyperfine splitting constants of rad
icals represent a first-order property, whereas the nu-
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49, 2965 (1968). 
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clear spin coupling constants of molecules are second-
order properties, several authors have considered the 
possibility that a close relationship may exist between 
these two phenomena, primarily because of the ap
pearance of certain terms in common to the quantum 
mechanical expressions for each property. Thus, Mc
Connell5 and Karplus6 have used empirical proton 
hyperfine splitting constants to estimate the 7r-electron 
contribution to proton-proton nuclear spin coupling 
constants in aromatic and unsaturated systems, and 
Dixon7 has suggested that the ratios of certain proton-
proton spin coupling constants to proton hyperfine 
splitting constants should be constant, deviations being 
entirely due to structural changes in the radical. Re
cently, Barfield and Karplus have developed a prom
ising approach to partitioning the spin-coupling inter
action into distinct contributions, and a relationship 
with esr couplings is suggested.8 Barfield and Chak-
rabarti have recently discussed the role of such rela
tionships in interpreting spin-spin coupling.9 

The purpose of this paper is to investigate an inter
esting phenomenon, namely that the closed-shell re-

(7) W. T. Dixon, Theor. Chim. Acta, 6, 359 (1966). 
(8) M. Barfield and M. Karplus, J. Amer. Chem. Soc, 91, 1 (1969). 
(9) M. Barfield and B. Chakrabarti, Chem. Rev., 69, 757 (1969). 
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stricted Hartree-Fock description of a molecule can be 
taken smoothly into the unrestricted Hartree-Fock de
scription of a virtual radical by placing a nuclear spin 
perturbation (Fermi contact) of increasing magnitude 
on an atom. If the nuclear spin is placed on a proton, 
then it turns out that for a given class of approximate 
molecular orbital methods, the resulting virtual radical 
is identical, in terms of spin and charge density distri
bution, to the unrestricted Hartree-Fock description of 
the real radical formed by the removal of that proton 
and an electron. A detailed study of this conversion of 
a molecule into a radical can lead to a better under
standing of the relationships between the nuclear spin-
spin coupling constants involving a specific proton and 
the hyperfine splitting constants of the radical formed 
by the removal of that proton and an electron. 

Theory 

The theory is attractively simple as it can be de
veloped along somewhat pictorial and intuitive lines. 
The following development parallels to a certain extent 
the molecular orbital theory of nuclear spin coupling 
previously mentioned.3 

The Fermi contact interaction between an electron 
and a nuclear spin on atom B is described by the one-
electron operator 

HB' = (87r/3)g/37BW(rB)/ZDS2 (1) 

where g, /3, XB, and h are the electron g value (taken as 
2.0023), Bohr magneton, nuclear gyromagnetic ratio, 
and Planck's constant, respectively, and 5(rB), Iza, and 
S1 are the three-dimensional Dirac delta function and 
the nuclear and electron spin operators, respectively. 
The variable rB refers to the position of the electron 
relative to nucleus B. For the isotropic case it is only 
necessary to consider the z direction for the spin oper
ators, i.e., the direction of quantization of the electron 
and nuclear spins. 

In the presence of a small, positive nuclear magnetic 
moment there will be a tendency for a doubly occupied 
molecular orbital <j>{ (which is assumed not to have a 
node at nucleus B) to be split into two components, 
4>ia and </>/, one corresponding to the a electron and 
the other to the /3 electron since (a| S2 \a) = + V2 and 
(j3| S21/3) = — 1Ji. The signs of the above potential 
terms indicate that the /3 electron is attracted toward the 
nucleus B (assuming ItB is positive) while the a electron 
is repelled, so that in the presence of the nuclear spin 
the motions of the two electrons will be correlated. 
This correlation can be accomodated theoretically by 
either introducing configuration interaction into the 
wave function or by allowing the spacial part of 4>t to be 
different for each of the two electrons, i.e., by per
forming a spin-unrestricted molecular orbital calcula
tion. 

If the nuclear spin is small, then the a and /3 spacial 
components of <f>( will essentially be split evenly so that, 
to first order, the charge density distribution will be un
affected and the induced spin density (the difference be
tween the a and /3 charge densities) will be small. As 
the nuclear magnetic moment is increased, however, 
there will be a very strong polarization of both the 
charge and spin density distributions which is somewhat 

characteristic of radicals. Thus, a closed-shell mole
cule in the presence of an unrealistically large nuclear 
magnetic moment might be thought of as a virtual rad
ical. 

In general, this artificial virtual radical will have 
little, if any, physical significance. If, however, the 
nuclear spin is placed on a proton, then if certain condi
tions are satisfied in an approximate molecular orbital 
method, the virtual radical formed will correspond ex
actly to the unrestricted Hartree-Fock description of the 
spin and charge density distribution of the real radical 
formed by the removal of that proton and a single elec
tron. A sufficient condition for this to occur is that, in 
the limit of infinite nuclear magnetic moment, both the 
spin and charge of the proton of interest be completely 
shielded from all electrons but one. In addition to a 
variety of Hiickel-type molecular orbital methods, the 
INDO method mentioned above satisfies this condition. 

In these methods, the molecular orbitals 4>" and 4>f 
are expanded in a basis set of atomic orbitals x (written 
as a row vector) which are assumed to be orthonormal 

4>ia = xCf 4>f = xCf (2) 

and 

<xlx) = 1 

where C" and Cf are column vectors containing the 
expansion coefficients. For simplicity, it is also as
sumed that the proton of interest has associated with it a 
single Is atomic orbital xB-

A description of what occurs in an actual INDO cal
culation is as follows. As the nuclear magnetic mo
ment of the perturbing proton is made very large, all of 
the eigenvalues of the Hartree-Fock energy matrix 
for /3 electrons are lowered. The lowest of these 
eigenvalues tends toward — » , and the remaining /3 
eigenvalues tend toward the eigenvalues of the /3 energy 
matrix of the radical. The coefficient of the atomic 
orbital centered on the perturbing proton becomes unity 
in the lowest /3 molecular orbital and becomes zero in 
the remaining /3 orbitals, which in turn become identical 
(aside from an arbitrary phase) with those of the radical. 
The a orbitals behave in a similar manner, except that 
the a eigenvalues increase with increasing magnetic mo
ment of the perturbing proton, the highest tending to
ward + <» and the remaining tending toward the a 
eigenvalues of the corresponding radical. Physically, 
this corresponds to the lowest /3 electron being"trapped" 
at the perturbing proton, and the remaining /3 elec
trons being completely shielded from this proton by 
the presence of the trapped /3 electron. All of the a 
electrons become shielded from the perturbing proton 
for large nuclear magnetic moment. This is because 
the only a orbital with a nonzero coefficient of the Is 
atomic orbital of the perturbing proton is the highest, 
which is vacant. 

This type of behavior can be understood formally by 
considering a simple Hiickel-type theory, such as the 
one used in the theory of nuclear spin coupling con
stants developed by Pople and Santry.10 In the pres
ence of the nuclear magnetic moment of the per
turbing proton, the Htickel energy matrix can be 
written as 

(10) J. A. Pople and D. P. Santry, MoI. Phys., 8, 1 (1964). 
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L"ml hmm + x. 

with 

x = <XB|-HB'|XB} (4) 

where HB' is defined in eq 1. The basis set has been 
ordered such that XB is the last element. For x > 0 the 
matrix H(x) is the Hiickel matrix for the a electrons and 
with x < 0 it is the Hiickel matrix for the /3 electrons. 
It has been assumed that the hi} of eq 3 are independent 
of /ZB ' so that only the last diagonal element of H(x) is 
affected by the perturbation. The Hiickel matrix H r 

for the radical formed by the removal of the perturbing 
proton and an electron is the same as H(x) except that 
the last row and column of H(x) are missing. Thus, 
H(x) can be written as 

H(x) H' 
him 

him 

+ * 

(5) 

If C and er are used to denote the eigenvector and (di
agonal) eigenvalue matrices of Hr, then H(x) can be 
partially diagonalized by the unitary matrix 

U = 
Cr 0 

0 

00 

(6) 
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H1(X) = 
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(8) 

Only the last row and column of eq 7 have nonzero off-
diagonal elements. Since the roots, X, of the secular 
equation are unaffected by a unitary transformation of 
H(x), the characteristic polynomial can be written as 

0 

O 

Oi 

a2 

= O 
(9) 

tm-lT — X Om_i 

om-i hmm + x — X 

shown in eq 9 which can be expanded as 

(hmm + x - X)0(X) 

where 

G(X)= I K ^ - X ) 

X) 

m — 1 

E ^ W X ) = O (10) 
k = l 

m— 1 

1 = 1 
(H) 

e*w = n (««: 
U^k)=I 

The problem is now set up in such a way that some 
useful theorems can be applied. These theorems were 
proved by MacDonald in an elegant paper discussing 
the variational principle.11 The most important point 
is that the roots X4 of eq 10 are all separated from one 
another by the values of e/ for all values of x (theorem 1 
ofrefl l ) 

Xl < 6!r < X2 < Xm_i < em-ir < Xm (12) 

where X4 and e/ values are in increasing order. More
over, if x is chosen such that x + hmm > em_1

r then 

Xm > X + hm (13) 

(corollary 2.1 of ref 11). This is a sufficient condition 
to ensure that Xm, the highest eigenvalue of H(x), goes 
to infinity as x goes to infinity, and eq 12 ensures that 
the remaining X('s remain finite. For infinite x and 
finite X, eq 10 will be satisfied if and only if the first 
term remains finite, since the second term is always 
finite for finite X. This will occur only if Q(X) = O, 
which is satisfied by X = et

v. It remains necessary only 
to show that the matrix U of eq 6 actually becomes the 
eigenvector matrix of H(x) as x goes to infinity. For 
this, it is sufficient to show only that the eigenvector 
matrix V of the matrix Hx(x) of eq 7 is a unit matrix for 
infinite x. The eigenvalue equation for the highest 
column eigenvector Vm is 

H1(X) Vm(x) = ^Vm(x) (14) 

which is equivalent to the set of linear equations 

*iVim + a,Vmm = \Vim i = 1, 2, . . ., m - 1 (15a) 

Wmm (15b) (hrr, 
m — 1 

+ X)Vmm + Ya^Vkm 
k = l 

The normalization requirement is 

' - 'km 1 (16) 

so that it is sufficient to show that Vim = 0 (/ ^ m) as x 
b e c o m e s infinitely large. Equat ion 15a can be re 

a l ) J. K. L. MacDonald, Phys. Reo., 43, 830 (1933). MacDonald 
has assumed, as we have, that there ar; no degeneracies among the 
eigenvalues. The theorems, however, remain valid for symmetry-
induced degeneracies. 

Mclver, Maciel j Virtual Radicals 



4644 

written as 

W- = 
X -

< \ai\ < 
ti X — «!r[ I Kim + X «< 

(17) 

where the first inequality is from eq 16 and the second 
from eq 13. In the limit of infinitely large x, the last 
term on the right vanishes, so that all of the Fim's 
vanish except for Vmm, which becomes unity (aside from 
a phase) because of the normalization requirement. 
Since the remaining eigenvectors V* (k ^ m) are or
thogonal to Vm, the coefficients Vmk are all zero. The first 
m — \ rows and columns of V thus represent a matrix 
which is the eigenvector matrix of the diagonal matrix 
of the e/'s 0" = \,m— 1). Since the eigenvector matrix 
of a diagonal matrix is the unit matrix the matrix V 
must be a unit matrix. 

Exactly parallel arguments can be used to show that 
as x goes to — °°, the lowest eigenvalue of H(x) goes to 
— a=; while the remaining eigenvalues and eigenvectors 
become those of Hr. In this case, eq 13 is replaced by 

Al < X + hmm 

when x is chosen such that x + hmm < eir. 
The situation is similar for the INDO method, al

though it is complicated by the fact that the a and /3 
molecular orbitals can no longer be treated indepen
dently since they are coupled through the electron re
pulsion terms. As in the Huckel case, the effect of the 
infinite nuclear spin ot the proton is isolated from the 
rest of the molecule by this omission of terms of the 
form (Xi I S(rB) | X3), where both Xt a n d Xi are not XB-
This approximation has been made in all previous ap
plications of the INDO method, both to hyperfine split
ting constants of radicals and to nmr coupling con
stants of singlet molecules. 

As indicated above, occurrence of a virtual radical in a 
calculation requires the satisfaction of the condition of 
complete charge and spin isolation of the proton with 
infinite magnetic moment. In order that the charge of 
the proton be completely isolated from the rest of the 
molecule for an infinite Fermi-contact interaction, it is 
necessary that the electron trapped at the proton com
pletely shield this nuclear charge from the remaining 
electrons. In ab initio methods this could only be ac
complished by optimizing the exponent of the Is basis 
function of the proton to allow this basis function to 
collapse to a point at the nucleus. In the INDO 
method, this step is not necessary since penetration 
terms are formally set equal to zero (this was not true in 
the original CNDO/1 method12). In other words, the 
Coulomb attraction of the other electrons to the proton 
is exactly canceled by the repulsion of these electrons by 
the electron trapped at the proton. Formally, in the 
INDO theory, this is equivalent to the relation 

Xi Xi) = ( X,0)XB(2) X«(1)XB(2) > (18) 

In the INDO theory of radicals, the hyperfine cou
pling constant at nucleus A is given by 

"A = (4 */3)g0hy A(S)- 1^A 4COK (19) 

where sA
2(Q) is a parameter that represents the value of 

the square of the valence s atomic orbital at nucleus A 

(12) J. A. Pople and G. A. Segal, J. Chem. Phys., 44, 3289 (1966). 

and pSA is the diagonal element of the spin-density 
matrix corresponding to this orbital. In the theory of 
nuclear spin coupling constants, the expression used for 
the coupling constant is 

•/AB = >h)'™>°Hk\,., (20) 

where 

hB = (41r/3)g^7B5B2(0)/aB (21) 

Thus plotting diagonal s-orbital spin-density matrix ele
ments for various atoms in a molecule vs. the Fermi 
contact interaction at proton B should give a family of 
curves, the slopes at the origin being proportional to the 
nuclear spin coupling constants of the molecule and the 
asymptotic values being proportional to the hyperfine 
splitting constants of the radical formed by the removal 
of the hydrogen atom B. The demonstration of this 
family of curves should lend support to previous as
sumptions or alternate theoretical developments of re
lationships between nmr spin coupling constants and 
esr hyperfine splitting constants. 

Calculations and Discussion 

INDO calculations were carried out on the molecules 
hydrogen, acetylene, ethylene, propene, butadiene, and 
benzene and on their corresponding radicals. These 
cases were chosen because relatively little structural 
change would be expected to occur in the formation of 
the radical by removal of a hydrogen atom. Standard 
geometries13 were used in the calculations. For each 
molecule, the perturbation hB was varied in powers of 
10 from 1O-4 through 103 atomic units (hartrees). Ad
ditional points were calculated in the region of large 
curvature. For the largest value of the perturbation, 
the computed spin densities reproduced those calculated 
for the corresponding radicals to within about 10-4. 

Hydrogen. The hydrogen molecule is generally 
trivial and uninteresting from the standpoint of an 
INDO calculation (which is identical with CNDO/2 in 
this case), the calculated nuclear spin coupling constant 
being in poor quantitative agreement with the experi
mental value.3 Nevertheless, it is of academic interest 
since it can be solved in closed form and since the 
shape of the curve of p9A vs. hB closely resembles the 
curves for the other molecules studied. Since H2 dis
sociates into two hydrogen atoms, the total charge 
density on each atom should be unity. The spacial 
parts of the molecular orbitals then take on the form 

<j>a = sin 0(a) + cos 0(b) 

tf = cos 0(a) + sin 0(b) 
(22) 

where a and b represent Is atomic orbitals centered on 
protons A and B, respectively. The restricted solution 
is obtained at 9 = ir/4 when the nuclear spin is zero. 
In the presence of the Fermi contact interaction, the ex
pression for the electronic energy becomes 

E = 2(a|/z|a) + 2f sin 20 + xB cos 20 + 

TAB + \ sin2
 20[7AA - 7AB] (23) 

(13) J. A. Pople and M. S. Gordon, J. Amer. Chem. Soc, 89, 4253 
(1967). 
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Atom 

C 
C* 

Hci» 
Htrans 

Initial slope 

0.547 
- 0 . 0 4 0 

0.031 
0.089 
0.239 

Asymptote0 

0.207 
- 0 . 0 1 8 

0.032 
0.047 
0,127 

Ratio6 

2.6 
2.2 
1.0 
1.9 
1.9 

J° 

156.7 
- 1 1 . 6 

3.2 
9.3 

25.2 

ad 

178.0 
- 1 5 . 4 

13.9 
20.4 
55.1 

, 
J/ae 

0.86 
0.73 
0.24 
0.46 
0.46 

. 
P 

156.4 
- 2 . 4 

2.5 
11.7 
19.1 

-Experimental— 
a« 

107.57 
- 8 . 3 5 

13.4 
37.0 
65.0 

JIa 

1.45 
0.29 
0.19 
0.32 
0.29 

° Values taken from Figure 2. b Ratio of slope to asymptote. c Values in hertz calculated according to eq 20, using the SAKO) values given 
in ref 3. d Values in gauss calculated according to eq 20, using the i2

A(0) values given in ref 2b. ' Values calculated as the ratios of entries in 
previous two columns. / Values in hertz, taken from ref 3. » Values in gauss, taken from ref 3. 

where (dpSA/dxB)o = -1/(7AA - 7 A B ± f) (26) 

<a|A|a> = 

f = /8H°<a|b) 

7 A B = / a ( l ) b ( 2 ) 

- ( / + A)s - - Y A A 

(24) 

a(l)b(2) 

Following the usual INDO formulation, the param
eters (l/2)(/ + A)3 and j3H° are assigned values of 
7.1761 and —9.0 eV, respectively. The new indepen
dent variable xB is denned as (aj/r"B'ja) for conve
nience. 

The stationary condition is 

AE 
de 

= 0 = 4f cos 2d - 2xB sin 26 + 

2 sin 2d cos 26(yAA — 7AB) (25) 

It is easily verified that the diagonal s-orbital element of 
the spin-density matrix at atom A is given as pSA = 
— cos 29. From eq 25, the curve of pSA vs. xB is then 
determined as one of the roots of a quartic equation. 
At the normal equilibrium geometry, the term XAA ~ 

i t t i t e e e e c a e • 

^26 2TI2 S773 !i70U §T30 ?7S6 O 2 fb.[ 

I M l B • • « • B • 

Figure 1. Plot of s-orbital spin density (ordinate) vs. /JB in hydro
gen. The upper curve corresponds to the minimum-energy solution 
to ref 25 and the lower curve corresponds to the maximum-energy 
solution. 

XAB is small relative to f so that in this case there are 
two real distinct roots of eq 25, one corresponding to a 
maximum energy and the other corresponding to a 
minimum. The curves pSA vs. xB for these roots are 
plotted in Figure 1, the upper curve corresponding to 
the minimum energy. Implicit differentiation of eq 25 
gives the slope at the origin as 

which corresponds to the asymptotic value, PSA(0O = 
± 1 . Equation 26 gives rise to the rather large cal
culated nuclear spin coupling constant of / H H = 408 
Hz.s The curve in Figure 1 then represents a mono-
tonic function relating a large slope at the origin to a 
large (for radicals) asymptotic value. It is interesting 
to note, however, that the asymptotic value is indepen
dent of all parameters concerning the perturbed proton, 
such as the bond length, whereas, from eq 26. the initial 
slope will vary with such parameters. 

Ethylene. The curves of diagonal s-orbital spin-
density matrix elements vs. hB for ethylene are shown in 
Figure 2. Aside from a slight maximum in the curve 

Figure 2. Plot of valence s-orbital spin densities (ordinate/10) of 
different atoms in ethylene vs. hB. The curves refer to (1) carbon 
directly bonded to B, (2) vicinal proton trans to B, (3) vicinal proton 
cis to B, (4) geminal proton, (5) geminal carbon. The points 
marked on the ordinate axis represent the asymptotic values which 
are also indicated by the dashed lines. 

for the carbon atom directly bonded to the perturbed 
proton, the curves are all monotonic and resemble quite 
closely the shape of the curves in Figure 1 for hydrogen. 
Moreover, the curves do not intersect (except, of course, 
at the origin), which implies a rough proportionality be
tween the slope and asymptote of each curve. 

The relevant data for ethylene and the vinyl radical 
are collected in Table I. The first three columns rep
resent the data from Figure 2, whereas the last three 
are experimental data taken from the literature.2b'3 

The slopes at the origin were estimated by a finite differ
ence technique.3 The relative similarity of the ratios in 
the third column is striking. This together with the 
smooth, monotonic behavior of the curves in Figure 2 
seem to indicate that essentially the same mechanism is 

Mclver, Maciel / Virtual Radicals 
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operative in determining the hyperfine splitting con
stant and the corresponding nuclear spin coupling con
stant. For example, the fact that the sp2 hybrid or-
bitals on the carbon atom have a larger overlap in the 
trans configuration than in the cis is used to rationalize 
the relative magnitudes of the cis and trans vicinal spin 
coupling constants in ethylene. The same argument 
would be used to explain the relative magnitudes of the 
hyperfine splitting constants of the protons trans and 
cis to the radical site in the vinyl radical. 

The calculated data of the first three columns of Table 
I cannot be compared directly with the experimental 
magnetic resonance parameters in the last three columns 
because of the difference in units. From eq 19 and 20 
the ratio JABI&A is given by 

^ = ^ 3 / K S ) Y B S B W M / P s A ( C o ) (27) 

All of the quantities in the above equation are either 
universal constants or computed in the INDO calcula
tion except sB

2(0), the value for the square of the valence 
s orbital at the nucleus B. This atomic parameter was 
assigned different values depending on whether the 
theory was applied to molecules or radicals, the value for 
nuclear spin coupling constants in molecules being 
4.0318 for carbon and 0.3724 for hydrogen, whereas 
2.042 and 0.338 were used for the corresponding values 
in the theory of hyperfine splitting in radicals. The 
present treatment indicates that since the two cases 
represent essentially the same interactions, it would have 
been more consistent to choose ^B

2(0) to be the same in 
both cases. Rather than reevaluate this parameter by 
considering both the esr and nmr data together, var
ious ratios of the entries in Table I will be used to com
pare the calculations with experiment. For complete
ness, we have included in the table calculated values of 
Ts and a's and their ratios, using the above reported 
•?A2(0) values. 

In the case of the protons, the pattern of the results 
is remarkably well reproduced. Thus the calculated 
ratio of slope/asymptote for the geminal case is some
what smaller than that for the two vicinal protons, 
which are about the same. This is also the case for the 
experimental ratios. 

The case for the carbons is somewhat different. Al
though the INDO method predicts similar ratios for 
both the a and /3 carbons, the experimental ratios differ 
by a factor of 5. However, it should be noted that the 
worst correlation between the nuclear spin coupling 
constant and hyperfine splitting constant should be for 
the case in which the atom is directly bonded to the per
turbing proton. The reason for this is that the nuclear 
spin coupling constants between directly bonded atoms 
will be dominated by terms related to the perturbing 
proton, such as bond length. The hyperfine splitting 
constant of the a carbon will, on the other hand, be in
dependent of such effects, and such effects will be 
masked to a large extent for the longer range coupling 
constants. 

It should be noted that geometrical alterations within 
the radical framework, by which it deviates from the 
structure of the parent hydrocarbon by more than just 
removal of a hydrogen atom, are not taken into account 
in these calculations. Such alterations may in part be 

responsible for some features of disparity between cal
culated and experimental results. 

Acetylene. The results for acetylene and ethynyl 
radical are collected in Table II. The curves of s-orbital 

Table II. Calculated Initial Slopes and Asymptotic Values 
of PSA for Acetylene at Three Carbon-Carbon Bond Lengths 

Rcc, au 

2.08 

2.18 

2.28 

Atom 

C 
C^ 
H 
C* 

C 
H 
C 
C3 

H 

Initial 
slope 

0.739 
0.006 
0.138 
0.780 
0.008 
0.117 
0.818 
0.009 
0.103 

Asymp
tote 

0.313 
0.002 
0.088 
0.335 
0.004 
0.074 
0.335 
0.005 
0.065 

Ratio 

2.4 
3.0 
1.5 
2.3 
2.0 
1.6 
2.4 
1.8 
1.5 

J 

211.4 
1.7 

14.5 
223.1 

2.3 
12.3 

233.9 
2.6 

10.8 

a 

269.2 
1.7 

38.2 
288.1 

3.4 
32.1 

288.1 
4.3 

28.2 

J/a 

0.79 
1.00 
0.36 
0.76 
0.66 
0.38 
0.79 
0.59 
0.36 

spin density vs. hB are virtually the same in shape as 
those for ethylene, so they are neither reproduced nor 
discussed here. The hyperfine splitting constants for 
the carbon atoms in the ethynl radical have not been 
measured, although the value for the proton is 16.1 G. 
The experimental nuclear spin coupling constants are 
+ 248.7, +49.3, and 9.5 Hz for the a and /3 carbons and 
the vicinal proton, respectively. 

The ratios of initial slope to asymptotic value for the 
three atoms behave in much the same way as in ethylene, 
all being of the same order of magnitude, and the C" ratio 
being slightly larger than that for C", while the ratio for 
the vicinal proton is roughly the same as for the vicinal 
protons in ethylene. An anomaly exists, however, in 
the nuclear spin coupling constants between the proton 
and the carbon atoms. Experimentally, / c

a H is about 
five times as large as /C^H, both values being positive. 
The INDO theory predicts this ratio to be about 100, 
the JC?H value obtained being over an order of magni
tude smaller than the experimental value.3 Although 
the experimental values are not known, the same large 
ratio of the asymptotic values for C" and C" is also pre
dicted by the INDO theory. 

The calculations were performed at different C-C 
bond lengths to study this effect on the results. From 
Table II, it is seen that each initial slope changes in the 
same way as the asymptotic values, so that the ratios 
remain relatively constant as Rc-c is varied over a small 
range. This again supports the hypothesis that, in the 
INDO theory, the same mechanisms are in effect for 
both the nmr and esr results. 

Benzene. The results for benzene and phenyl radical 
are given in Table III. Again the calculated ratios 
are more or less constant, even when obtained from 
very small numbers. Also, as was the case with ethyl
ene and acetylene, the most serious discrepancies 
between the calculated and experimental values occur 
with carbon atoms, the wrong sign being predicted 
for the small coupling constant for the /3 carbon. It is 
unfortunate that the hyperfine splitting constants for the 
carbon atoms in the phenyl radical are unknown The 
order of the ratios for the ortho and meta protons is 
predicted correctly, however. 

Propene and Butadiene. Propene and butadiene 
deserve special attention since each contains non-
equivalent hydrogens; i.e., it is possible to produce more 

Journal of the American Chemical Society / 93:19 / September 22, 1971 



Table in . Calculated and Experimental Data for Benzene 

4647 

Atom 

C 
C" 
C 
C* 
Hortho 

rlpara 

Table IV. 

Initial slope 

0.490 
- 0 . 0 1 7 

0.033 
- 0 . 0 0 8 

0.077 
0.021 
0.017 

Asymptote 

0.185 
- 0 . 0 0 6 

0.013 
- 0 . 0 0 3 

0.035 
0.011 
0.007 

Calculated 
Ratio 

2.6 
2.8 
2.6 
2.7 
2.2 
1.9 
2.4 

J 

140.3 
- 4 . 9 

9.4 
- 2 . 3 

8.1 
2.2 
1.1 

Calculated Initial Slopes and Asymptotic Values of p s l 

• Perturbed 
atom 

H1 

H2 

H3 

Initial slope 
Asymptote 
Ratio 
Initial slope 
Asymptote 
Ratio 
Initial slope 
Asymptote 
Ratio 

" The numbering convention 

Ci 

0.562 
0.212 
2.6 
0.534 
0.204 
2.6 

- 0 . 0 3 9 
- 0 . 0 4 5 

2.6 

H, 

C2 

-0 .035 
-0 .015 

2.3 
-0 .034 
-0 .014 

2.4 
0.526 
0.193 
2.7 

\ / 3 -v„ 
is > , = < H,, 

a V H 3 

C, 

0.020 
0.010 
2.0 
0.041 
0.020 
2.1 

- 0 . 0 1 0 
- 0 . 0 0 2 

5.0 

a 

159.1 
- 5 . 2 

11.2 
- 2 . 6 

15.2 
4.7 
3.0 

for Propene" 

Coupled 

Hi 

* 
* 
* 

0.045 
0.037 
1.2 
0.249 
0.121 
2.1 

+̂ 

H2 

0.046 
0.040 

1.2 
* 
* 
* 

0.091 
0.043 

2.1 

. 
JIa 

0.85 
0.92 
0.85 
0.89 
0.53 
0.46 
0.58 

H3 

0.248 
0.130 
1.9 
0.091 
0.045 
2.0 

* 
* 
* 

. 
J 

157.5 
1.0 
7.4 

- 1 . 1 
7.54 
1.37 
0.69 

H4 

- 0 . 0 0 7 
- 0 . 0 0 4 

1.7 
0.018 
0.010 
1.8 
0.066 
0.037 
2.2 

Experimental 
a 

19.5 
6.5 

H5, H6 

- 0 . 0 2 5 
- 0 . 0 1 0 

2.5 
- 0 . 0 2 7 
- 0 . 0 1 1 

2.5 
0.066 
0.029 
2.3 

JIa 

0.39 
0.21 

' Av 
(H1H5H6) 

- 0 . 0 1 9 
- 0 . 0 0 8 

2.4 
- 0 . 0 1 2 
- 0 . 0 0 4 

3.0 
0.071 
0.032 
2.2 

than one cr-type radical by removing different hydrogens. 
Also, in contrast to the previous molecules, each of these 
molecules contains a C-C single bond. 

The calculated results are shown in Tables IV and VI, 
whereas the known experimental results are in Tables V 

Table V. Experimental Nuclear Spin Coupling Constants J (Hz) 
and Hyperfine Splitting Constants a (G) for Propene" 

Per
turbed 
atom 

H1 

H2 

H3 

J 

JIa 
J 

JIa 
J 
a 
JIa 

Hi 

* 

* 

2.1» 

16.86 

58.9' 
0.28 

H2 H3 

2 . 1 6 

* 

* 
10.0» 
32.9' 
0.30 

16.8» 

10.06 

* 
* 
* 

HlIe 

- 1 . 8 » 

- 1 . 3 » 

6.4» 
19.5' 
0.34 

0 The atom numbering convention is the same as in Table IV. 
6 A. A. Bothner-By and C. Naar-Colin,/. Amer. Chem. Soc, 83, 231 
(1961). ' R. W. Fessenden and R. H. Schuler, J. Chem. Phys., 39, 
2147 (1963). 

and VII. An asterisk is used to denote the perturbed 
proton for each case. The curves of s-orbital spin 
density vs. h-^ for these molecules are not given here, 
as they are the same as those for all the other molecules 
studied in that they are all smooth, monotonic func
tions which do not cross and which have initial slopes 
that are roughly proportional to the asymptotic values. 

Although the ratios of initial slopes to asymptotic 
values are not constant, it is interesting to note that the 
ratio for the geminal proton is smaller than the ratios 
for the vicinal protons in both propene and buta

diene, in agreement with the experimental order for 
propene (the experimental ratios for butadiene are not 
presently known). This is the same situation as previ
ously noted for ethylene. Moreover, an examination of 
Tables I-IV and VI reveals that the calculated ratios for 
all geminal protons occur in the range between 1.0 and 
1.4, whereas the vicinal case has ratios which occur be
tween 1.9 and 2.3, except for acetylene with its ratio of 
1.6. The ratios for the longer range protons are less 
reliable because of the small magnitudes of the num
bers involved, but these tend to be more or less similar in 
magnitude to the ratios for the vicinal protons. A 
possible explanation for this phenomenon might be 
that a "direct interaction" with the perturbing proton 
would be different for geminal and vicinal protons. 
This "direct interaction" might be denned as the con
tribution to the nmr spin coupling constant from terms 
which do not contribute to the esr hyperfine splitting 
constant. In the Hiickel method, these terms would be 
be the off-diagonal elements of the right-hand side of 
eq 7. If these terms should behave in such a way as to 
make the geminal coupling constant smaller in mag
nitude than it would be if calculated without these 
terms and/or the vicinal coupling constant larger, then 
this would account for the ratios of slope/asymptote for 
the geminal cases being smaller than those for the vic
inal cases. Moreover, if this "direct interaction" contri
bution should diminish in magnitude with increasing 
distance from the perturbing proton, then the ratios for 
the longer range protons would be expected to be closer 
to those for vicinal protons than to those for geminal 
protons, as seems to be the case for the INDO calcula
tions. 

The results indicate that the initial slope might be ap
proximately related to the asymptotic value in the fol
lowing way 
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Table VI. Calculated Initial Slopes and Asymptotic Values of pSA for Butadiene" 

Perturbed 
atom 

H i 

H2 

H3 

Initial slope 
Asymptote 
Ratio 
Initial slope 
Asymptote 
Ratio 
Initial slope 
Asymptote 
Ratio 

C1 

0.564 
0.215 
2.6 
0.515 
0.198 
2.6 

-0.032 
-0.015 

2.2 

Q 

-0.032 
-0.016 

2.0 
-0.029 
-0.014 

2.1 
0.537 
0.200 
2.7 

C3 

0.023 
0.013 
1.8 
0.047 
0.024 
2.0 

-0.010 
-0.004 

2.5 

C4 

-0.006 
-0.004 

1.5 
-0.002 
-0.002 

1.0 
-0.009 
-0.005 

1.7 

H i H2 

* 
* 
* 

0.051 
0.037 
1.4 
0.237 
0.118 
2.0 

0.051 
0.041 
1.2 

* 
* 
* 

0.083 
0.040 
2.1 

H3 

0.237 
0.127 
1.9 
0.083 
0.041 
2.0 

* 
* 
* 

H4 

-0.010 
-0.006 

1.6 
-0.009 
-0.006 

1.5 
0.163 
0.078 
2.1 

H6 

0.006 
0.004 
1.5 
0.019 
0.012 
1.5 

-0.009 
-0.005 

1.7 

H6 

0,004 
0.003 
1.3 
0.006 
0.004 
1.5 

-0.010 
-0.005 

2.0 

0 The numbering convention is ^Ci=C2 
H2 TCj 

H, H5 

H6. 

Table VII. Experimental Nuclear Spin Coupling Constants 
J (Hz) for Butadiene" 

Per
turbed 
atom 

H1 
H2 
H3 

H, 

* 
1.74 

17.05 

H2 

1.74 
* 

10.17 

H3 H4 

17.05 
10.17 

* 

-0 .83 
-0 .86 
10.41 

H5 

0.60 
1.30 

-0 .86 

H6 

0.69 
0.60 

-0 .83 

" R. T. Hobgood and J. H. Goldstein, J. MoI. Spectrosc, 12, 76 
(1964). The atom numbering convention is the same as in Table 
VI. 

P*(») - F(&PsJdhB]0) (28) 

where the function F depends on the particular mole
cule and the type of interaction (i.e., geminal, trans-
vicinal across a double bond, etc.). The Hellmann-
Feynman theorem implies that14 

(dpJdhB)0 = (dpJdhA)0 (29) 

so that, according to eq 28 

P S A ( ^ B = ° ° ) ~ PsIi(^A = ° ° ) (30) 

Equation 30 would hold even for nonequivalent pro
tons. An examination of Tables IV and VI supports 
this hypothesis for the calculated results. Thus, for the 
proton geminal to the radical site in the two radicals 
formed by removing the hydrogen cis and trans to the 
methyl group in propene the calculated spin densities 
are 0.040 and 0.037, respectively. For the two vicinal 
cases, the spin densities are 0.130 and 0.121, and 0.045 
and 0.043 for the trans and cis cases, respectively. In 
butadiene, the geminal hydrogen spin densities are 
0.041 and 0.037 for radical sites cis and trans to the 
vinyl group, and the vicinal spin densities are 0.127 and 
0.118 and 0.041 and 0.040 and for the protons trans 
and cis to the radical sites (with respect to a single vinyl 
group). It is currently not possible to compare this 
prediction with experimental results since there do not 

(14) J. A. Pople, J. W. McIver, Jr., and N. S. Ostlund, J. Chem. Phys., 
49, 2960 (1968). 

seem to be any examples of esr data taken from two 
different ff-type radicals prepared from the same parent 
molecule by removal of nonequivalent hydrogen atoms. 

Conclusions 
A smooth relationship between the second-order 

property of a singlet molecule (spin-spin coupling) and 
a first-order property of a doublet radical (hyperfine 
splitting) has been demonstrated via molecular orbital 
theory. 

Although there is a general lack of experimental data 
for hyperfine interactions in cr-type neutral radicals, 
especially for 13C splitting constants, the existing data 
tend to indicate that the mechanisms responsible for 
these interactions parallel, to a large extent, the mech
anisms responsible for the corresponding nuclear spin 
coupling constants in the parent molecule. This tenta
tive conclusion is based primarily on the relative con
stancy of the experimental ratio JAB/OCA for different 
types of interactions. 

The evidence is more convincing from the standpoint 
of the INDO calculations. The smooth, monotonic, 
behavior of the curves of s-orbital spin density vs. the 
nuclear spin of a proton, together with the relative con
stancy of the ratios of initial slope to asymptotic value, 
indicates that these two phenomena do share substan
tial fundamental features in common. While this sit
uation does not in itself elucidate the details of the 
ostensibly common mechanisms, the family of curves 
provides a foundation for future work into the nature of 
the mechanisms. 

Acknowledgments. It is a pleasure to acknowledge 
many useful discussions with Professor Harry F. King. 
We also wish to thank Dr. Paul Ellis for computational 
assistance. We wish to thank the donors of the 
Petroleum Research Fund, administered by the Amer
ican Chemical Society, for support of this work. A 
generous amount of computer time was donated by the 
Computing Center of the State University of New York 
at Buffalo. 

Journal of the American Chemical Society / 93:19 / September 22, 1971 


